We report on a comprehensive computer simulation study of the liquid-crystal phase behaviour of purely repulsive, semi-flexible rod-like particles. For the four aspect ratios we consider, the particles form five distinct phases depending on their packing fraction and bending flexibility: the isotropic, nematic, smectic A, smectic B and crystal phase. Upon increasing the particle bending flexibility, the various phase transitions shift to larger packing fractions. Increasing the aspect ratio achieves the opposite effect. We find two different ways how the layer spacing of the particles in the smectic A phase may respond to an increase in concentration. The layer spacing may either decrease or increase depending on the aspect ratio and flexibility.
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For the smectic B and the crystalline phases, increasing the concentration always decreases the layer spacing. We find that the layer spacing jumps to a larger value on transitioning from the smectic A to the smectic B phase.
I. INTRODUCTION
Rod-like colloidal particles, DNA strands, carbon nanotubes, and filamentous viruses have in common that, if dispersed in a fluid at sufficiently high concentrations, they exhibit various kinds of liquid-crystalline phase. This is because with increasing concentration, the dispersion runs out of free volume leading to increasingly ordered states. This class of material is usually referred to as lyotropic liquid crystals, which sets them apart from thermotropic liquid crystals because the driving force is not energy but, in essence, entropy. This was first recognised by Lars Onsager in his seminal paper describing the isotropic-to-nematic phase transition of cylindrical particles interacting via a hard-core repulsive interaction 1 . In agreement with experiment, the theory predicts the transition to occur at a volume fraction that decreases inversely proportional to the aspect ratio of the particles. The impact of particle bending flexibility on the isotropic-nematic transition was first investigated theoretically by Khokhlov and Semenov more than thirty years later 2,3 , a decade after that others investigated how flexibility impacts upon the nematic-columnar and the nematic-smectic A transition [4] [5] [6] [7] .
Over the past few decades, interest in lyotropic liquid crystals has increased significantly, in part because of potential applications and in part because of the development of wellcontrolled model particles 8, 9 . Indeed, lyotropic liquid crystals have been intensively investigated experimentally [10] [11] [12] [13] , theoretically [14] [15] [16] [17] [18] and with the aid of computer simulations [19] [20] [21] [22] [23] [24] [25] .
In spite of this, our understanding of the isotropic and nematic phases is most comprehensive, whilst that of the others remains much more sketchy. In particular, how flexibility and aspect ratio impact upon the other liquid crystal transitions have received much less attention. Here, we aim to fill in this gap from the perspective of computer simulations, in particular because these are much more difficult to address theoretically. One reason is that the second virial approximation, which allowed Onsager to accurately describe the isotropic-nematic transition, no longer holds at densities where the smectic and columnar phases appear. Another reason is translation-rotation coupling, which makes density functional and integral equation theories virtually intractable 7, 17, 26 .
We extend earlier simulation studies on semi-flexible chains by covering a larger range in persistence length, aspect ratio, and particle numbers, and investigate more comprehensively the microscopic structure of the liquid crystalline and crystalline phases. In agreement with theory and simulation, we find that particles with longer aspect ratio support over a larger concentration range and a broader range of bending flexibilities liquid-crystalline states. This is particularly true for the nematic and the smectic A phase. We find that the stability of the smectic B and crystalline phases, recently both found experimentally in colloidal systems, to be less sensitive to both aspect ratio and flexibility, at least for the ranges investigated. The aspect ratio of our particles varied between 6 and 11 while the ratio of the bare contour length and persistence length varied between 0.05 and 0.5. For these aspect ratios and persistence lengths all phase transitions are either second or weakly first order, except the transition between smectic A and smectic B that clearly is first order.
The difference in behaviour of the smectic A and B phases expresses itself most clearly in how the layer spacing responds to increases in density. For the smectic B phase, the layer spacing always decreases with increasing density. This is not so for the smectic A phase, where depending on aspect ratio and persistence length it may in-or decrease, depending on whether the increase of the particles density is translated into reduced layer spacing and/or increased in-layer density.
The remainder of this paper is structured as follows. In Section II we describe our model particles that we construct from overlapping, mutually repulsive bead-spring chains. We also make explicit our simulation protocol and explain how we identify the various liquid crystal phases in our simulation data. In Section III A we present the phase diagrams we obtain and show how the aspect ratio and flexibility influence the phase transitions. In Section III B we describe the influence of the phase transitions on the individual particle structure and smectic layer thickness. We furthermore present a simple model based on
Onsager theory that explains the changes in the particle length as a function of density in the isotropic and nematic phases in Appendix A. Finally, in Section IV, we present our most important conclusions.
II. METHODS AND ANALYSIS
To study the equilibrium properties of semi-flexible rod-like particles, we perform MD simulations on 4608 bead-spring chains consisting of n beads of mass m using the software package LAMMPS 27 . Within a chain, consecutive pairs of bead interact via a harmonic potential with force constant κ. The rest distance r between their centres of mass corresponds to half the bead diameter D. See Figure 1 . Hence, the beads partially overlap in order to provide a smoother particle surface and to prevent biased stacking between the rod-like particles in highly congested phases. A harmonic bending potential with bending constant κ θ is assigned to consecutive bonds between beads to model bending stiffness. Except for the nearest neighbour beads along the same chain, all beads interact via a truncated and shifted Lennard-Jones (LJ) potential with effective diameter σ = D and interaction strength = k B T , where k B is the Boltzmann constant and T the absolute temperature. We truncate the potential at the centre-to-centre distance of 2 1/6 σ to make the potential purely repulsive.
We perform isobaric-isothermal (NPT) simulations at various pressures. To control temperature and pressure in our simulations, we employ the Nosé-Hoover thermostat and baro- Approximately 200 configurations of every run are stored, i.e., one every 100 time units.
The initial configuration is that of the crystal phase, with all rod-like particles perfectly aligned, AAA stacked in 16 layers with 18 × 16 particles each, i.e., the layers are identical copies shifted along the director, and in each layer there is perfect hexagonal ordering.
That the initial box is very elongated is sensible because the particles themselves have a large aspect ratio. In the isotropic phase the box elongation relaxes and on average becomes isometric albeit that the box shape fluctuates considerably, in particular near the isotropic-to-nematic phase transition. In the nematic phase the box can become very much more elongated than the initial elongation. In the smectic and crystalline phase the box anisometry remains roughly equal to the initial one. If in our simulations one box dimension drops below about one particle length we discard the run.
We set the elastic constant κ at a large value of 100 k B T /σ 2 to ensure minimal entropic stretching of the bonds. In other words, the average bond length is very close to the rest bond length of one-half σ. In our simulations we allow for chains consisting of To calculate the corresponding volume fraction φ of any given configuration, we take the equilibrated volume of the simulation box V for a given pressure P , and define the volume occupied by the particles as the fixed number of chains N in the system times the occupied volume v 0 by each chain, so φ = N v 0 /V . The volume of a chain we approximate by taking a spherocylinder with volume v 0 = πD
The equilibrium configurations stored are used to calculate the usual order parameters and the pair correlation functions of the collection of particles. The order parameters quantify (1) the degree of orientation of the chains, given by the nematic order parameter S 2 ;
(2) the organisation in layers perpendicular to the director, given by the smectic order parameter τ ; and (3) the hexagonal ordering of the closest neighbours within the same layer, which is described by the bond order parameter ψ 6 28-30 . With these order parameters, the isotropic, nematic, smectic A, columnar, and smectic-B or crystal phases can be identified and distinguished. All these phases are schematically represented in Figure 2 .
In the isotropic phase there is only short-range correlation between the positions and between the orientations of the chains, and S 2 should be zero, but need not be in account of finite size effects. With the alignment of the particles in the nematic phase, the order parameter S 2 increases abruptly when crossing the phase boundary, so it can be readily identified. The same is true for the smectic and bond order parameters τ and ψ 6 , allowing us to identify the smectic A phase and the smectic B or crystal phase. See Figure 3 .
Snapshots of the various phases are given in Figure 4 . We cannot distinguish between the smectic B and crystal phase based only on calculating the correlation function g lay 6 based on the order parameter ψ 6 due to the finite size of the system. See Figure 5 . However, we can distinguish between them by considering the in-layer pair correlation function g lay of the centres of mass of the chains 24, 31 .
As can be seen in Figure 5 states at different pressures with equal magnitude of the order parameters S 2 , τ , and ψ 6 . Figure 5 (a) exhibits a split second peak in g lay (r), a characteristic of a crystalline phase that the system with the pressure shown in (b) does not have. We therefore associate the absence of peak splitting with the smectic B phase and assume the phase transition takes place when the second peak in the pair correlation function splits. So, we use the splitting of the second peak in g lay (r) as a proxy for distinguishing between the smectic B and the crystal phase. Note that the smectic B phase that we identify in (b) has a much noisier g lay 6
than that of the crystal phase of (a). The difference in structure of the crystal and smectic B phase is also evident from the snapshots also presented in Figure 5 .
In order to determine the crystal symmetry, we compare the pair correlation function g lay of the centers of mass of the particles. We distinguish four cases. In the first, we calculate the pair correlation function for particles in the same layer. In the second, we consider pairs of particle in consecutive layers. In the third and fourth, the pair correlation function considers pairs of particle separated by one and two layers. We expect that all pair correlation functions must be similar for the AAA crystal structure, whilst the first and fourth should be similar for the ABC structure. We observe neither of these patterns, implying that we cannot pinpoint the exact crystal structure. A possible explanation for this is that the ordering between layers is not so well defined for semi-flexible particles. The fact that we start off from an initial AAA structure that does not seem to survive we conclude that our simulations are not kinetically trapped.
III. RESULTS AND DISCUSSION

A. Phase diagrams
The phase diagrams of our particles are presented in Figure 6 . Recall that our particles are semi-flexible, rod-like chains interacting via a soft-core, repulsive potential. We present phase diagrams as a function of volume fraction and bending flexibility, ranging from L 0 /L p = 0.05 to 0.5 covering particles from near the rigid-rod limit to semi-flexible chains, for four aspect ratios, L 0 /D = 6.46, 7.54, 8.62, and 10.77. We distinguish between the following phases: Practically, this is true if the degree of alignment of particles, given by the nematic order parameter S, is larger than 1 − (3D)/(2L p ). This happens to be the case for the smectic B and crystal phases for the range of flexibilities that we cover.
Our simulation results are consistent with those of Bolhuis and Frenkel for rigid, hard spherocylinders 32 , represented in Figure 6 by the bars placed at zero flexibility (L 0 /L p → 0).
The agreement is even quantitative for less ordered phases whilst for the highly ordered phases the phase transitions in Bolhuis and Frenkel's simulations shift to larger concentra-tions compared to ours. There are several explanations for this. First, our rod-like chains are slightly compressible. As we shall see in the next section, excluded-volume interactions cause the chains to compress in particular in the phases where free volume become scarce, so in the denser phases. Second, our particles interact through a soft-core interaction while the rigid rods of Ref. 32 interact via a hard-core potential. Third, our simulation box is much larger than that of 1997 study of Bolhuis and Frenkel. Their particle number was at most 600 whilst in our case it is 4608, suggesting that finite size effects might also play a role in discrepancy.
Regarding the order of the transitions, we can only confirm that the transition from the nematic or the smectic A to the smectic B phase is most definitely of first order: we observe a clear jump in the density at the pressure where the transition takes place (results not shown). We find the isotropic-to-nematic transition to be weakly first order, if at all, but it seems to become more strongly first order with increasing aspect ratio, to shift to lower concentrations and generally to become more stable. This is in line with the computer simulations of Bolhuis and Frenkel 32 . For the other transitions, we find that, if there are jumps, we do not have the resolution to observe them. The experiments of, e.g., Grelet et al.
on aqueous dispersions of fd virus particles, which have an aspect ratio 130, indicate that the nematic-to-smectic A transition is first order [10] [11] [12] . The order of the transition from smectic A to smectic B for fd virus remains unclear. Fd virus does not transition from smectic B to crystal but to a columnar phase 11, 12 . We hypothesise that the large aspect ratio of the viruses particles somehow stabilises the columnar phase.
Having discussed the macroscopic (thermodynamic) properties of our particles, we next investigate in more depth how the particles and the structure of the more ordered phases respond to particle length and flexibility. Interestingly, we find that the layer spacing in the smectic A phase may increase or decrease with increasing concentration depending on flexibility and aspect ratio of the chain. This increase of the layer spacing with increasing density is counter intuitive but, as we shall see next, is somehow connected with the layer spacing.
B. Microscopic structure
Our first probe of the microscopic structure of the various phases is the actual contour length of the chains relative to the unperturbed contour length. This is important because our particles are not only flexible but also slightly compressible. Hence, we expect that with increasing particle density they should become shorter in order to accommodate a decreasing free volume. This can be seen as a drawback of our model particles but in fact allows us to address the question to what extent particle flexibility impacts upon the excluded volume in the isotropic phase, and, vice versa if and how excluded volume interactions impact upon the effective particle bending flexibility.
In Figure 7a , the contour length L is scaled to the reference contour length L 0 for the aspect ratio L 0 /D = 8.62 as a function of the volume fraction and the flexibility. The contour length decreases with increasing volume fraction in the isotropic phase. This decrease does not depend on particle flexibility suggesting that volume exclusion in the isotropic phase is an invariant of the particle flexibility, as has been presumed in the past 2, 3, 8, 9, 16 . We observe a small but sudden increase of the contour length at the isotropic-nematic transition, except for the most flexible chains for which the transition seems to become either second or very weakly first order. Arguably, the reason for this jump is an increased free volume caused by the alignment of the particles in the nematic phase 9 . This confirms that the transition is first order albeit more weakly so for the more flexible chains. In the nematic phase, the contour length decreases with increasing concentration, again because of the decrease in free volume with increasing concentration. A much stronger jump we find on going from the nematic or smectic A to the smectic B phase. Simple second virial calculations presented in the Appendix A confirms the observed trends for the isotropic and nematic phases, explaining also the jump in length.
In Figure 7b , the end-to-end length L ete is scaled to the measured contour length L chain model, also indicated in the figure. This confirms that our estimate of the persistence length for our model chains is accurate. In the liquid crystalline phases the end-to-end distance does depend on the concentration and more so the more flexible the particles. This can straightforwardly be understood by realising that a combination of persistence and the molecular ordering field attenuates the bending fluctuations 14 . The latter becomes stronger the larger the particle density. The same is true for the remaining phase transitions as in fact we already alluded to in the previous section.
Perhaps the most interesting structural feature is how the smectic layer thickness depends on the contour length and persistence length of the particles. This is shown in Figure 8 . For all cases, we find that transitioning from the smectic A to the smectic B phase, the layer spacing increases. We speculate that this is due to the larger degree of in-layer packing possible in the more strongly ordered smectic B phase. In essence, this is caused by an increase in free volume. Depending on aspect ratio and flexibility, we observe that the layer spacing in the smectic A phase itself may in-or decrease with increasing concentration. This is not so for the smectic B and crystalline phases. It seems that in the smectic A phase, increasing the particle density may translate into a more or less proportional increase in in-layer density. If the in-layer density increases more strongly than the average density, then the layer spacing must increase. Because of the appreciable scatter in the data, we have not been able to find a clear trend. We also have no explanation for this phenomenon.
We notice that measurements of the concentration dependence of the layer thickness of This indeed is what we obtain for our longest particles. The jumps in layer spacing that we find at the smectic A-to-smectic B phase transition are not observed in the experiments on fd viruses. In addition, the actual layer spacings scaled to particle lengths are also smaller for fd viruses than for the particles in our simulations. On the other hand, we should not expect quantitative agreement with measurements on fd virus solutions on account of their much larger aspect ratio.
IV. CONCLUSION
We preform molecular dynamics simulations to study the influence of flexibility and aspect ratio on the phase behaviour of purely repulsive, rod-like particles. Our particles have aspect ratios between 6 and 11, and ratios of the contour length over the persistence length between 0.05 and 0.5, i.e., we cover the range from very stiff to slightly flexible particles. By measuring the nematic, smectic and bond-order parameters and analysing correlation functions, we are able to distinguish five different phases. In order of increasing volume fraction these include isotropic, nematic, smectic A and B, and crystal phases. Of those phases we probe the structure of the particles and their arrangement, in particular in the smectic and crystalline phases.
In agreement with theoretical predictions and previous simulations, we conclude that the isotropic-nematic and nematic-smectic A phase transitions are sensitive functions of the aspect ratio and the flexibility of the particles. For the former, the larger the aspect ratio, the lower the volume fraction at the transition. For the former and the latter, the larger the flexibility, the larger the volume fraction at the transition. In fact, the smectic A phase disappears for sufficiently large of the ratio of the contour length over the persistence length, which is a measure for the bending flexibility of the particles. The transitions to the other, more highly ordered phases we find to be much less influenced by both the aspect ratio and the flexibility of the particles.
On increasing the concentration and going from the isotropic phase through the various liquid-crystalline phases to the crystal phase, we find that the end-to-end distance of the particles increasingly approaches their contour length. This is not entirely surprising because the more strongly ordered the phase, the more bending fluctuations are suppressed. In fact,
we find, at least for our model bead-chain particles, that bending fluctuations are essentially completely suppressed in smectic B and crystalline phases, explaining the insensitivity of their stability to the persistence length. In other words, the particles in those phases are stretched to their contour length and resemble rigid rods.
The layer spacings that we find in the smectic A, smectic B, and crystal phases exceed the contour length of the particles. Interestingly and counter intuitively, these layer spacings need not decrease with increasing concentration of particles, at least in the smectic A phase.
We find that depending on aspect ratio and flexibility spacing may actually increase. This is possible provided the increasing concentration is more than compensated by the in-layer density increase. We have not been able to pinpoint under what conditions this happens and also do not have an explanation for this phenomenon. Connected to this, we also find that the layer spacing increases upon going from the smectic A to the smectic B phase. 
where A is a constant, ln c is the ideal gas distribution, σ[f ] is the orientation entropy,
2 is the packing entropy, and K(x − 1) 2 is related with the potential energy of the harmonic springs with
The third and fourth terms mentioned previously are given by the expressions:
where | sin γ| is the angle between the chains with orientation Ω and Ω .
In the isotropic phase, the normalised distribution function is f (Ω) = 1/4π, resulting in an orientational entropy σ[f ] = 0 and a packing entropy ρ[f ] = 1. The free energy for the isotropic state becomes
The equilibrium condition for x,
= 0, leads to the compression in the isotropic phase
For the nematic phase, we follow a similar procedure as Odijk 15 . We assume the orientational distribution function to be Gaussian and obey cylindrical and inversion symmetry:
where the normalisation is only accurate for α 1. 
From this expression we find equilibrium values α = 4c 2 x 4 /π and
For x nem there is also a negative root solution that we ignore for being physically unrealistic.
For K → ∞, x nem = 1. For K < 8, the compression becomes imaginary, meaning that the nematic phase becomes unstable.
Equations A6 and A9 describe the behaviour of the mean length of our chains in the isotropic and nematic phases. We now calculate the coexistence concentration. Coexistence between two phases occur when the osmotic pressure Π = −(∂F /∂V ) N,T and chemical potential µ = (∂F /∂N ) V,T are equal for both states, µ iso = µ nem and Π iso = Π nem . From these equations we then calculate the coexistence concentrations for the isotropic c iso and the nematic phase c nem .
We now add flexibility to our previous model to study how it affects the discontinuity in the average length of the chains at the isotropic-nematic phase transition. Our starting point is the expression derived by Odijk 14,15 describing the orientational entropy for semi-flexible particles, L/L P 1. For the isotropic phase there is no change of the orientational entropy.
For the nematic phase there is the extra term σ Odijk = L 0 αx/4L P , then the orientational entropy is
With this new orientational entropy, the free energy for the nematic phase becomes
Solving the equilibrium value for α and x we obtain the compression of the chain as a function of the dimensionless concentration. These and the coexistence concentrations are calculated numerically. can be seen in Figure 9 . These values coincide with the simulated values, except L 0 /L P = 0, the rigid rod limit that we did not simulate. We find similarities between these results and our simulation results. First, the decrease of the average length of the chain with increasing concentration for both isotropic and nematic phase. Second, the discontinuity in the average length decrease with the increase of flexibility. There are some differences though, like the curvature of the lines, straight for the calculations and curved for the simulations.
